In this paper, we study integral semihereditary orders over a valuation ring in a finite-dimensional simple Artinian ring. In the first section we prove that such orders are extremal. Consequently, in a central division algebra admitting a total valuation ring, the intersection of all the conjugates of the total valuation ring is the unique integral semihereditary order over the center of the total valuation ring. In the second section we characterize, up to conjugacy, integral semihereditary orders over a Henselian valuation ring. In the last section we show that an integral order R over an arbitrary valuation ring V is semihereditary iff its Henselization, R V , where V is the Henselization of V, is a semihereditary V -order. In this paper, all rings are associative with a multiplicative unit and all Ž . modules are unitary. If R is a ring, J R will denote its Jacobson radical, Ž . Ž . U R its group of units, Z R the center, R* the set of nonzero divisors, Ž . Ž . and M R the ring of n = n matrices over R. The residue ring RrJ R n Ž . will be denoted by R and if S is an overring of R with J S : R theñ Ž . RrJ S will be denoted by R. DEFINITION 0.1. Let Q be a finite-dimensional F-algebra and V a commutative domain with quotient field F. A subring R of Q is said to be Ž . an order in Q if RF s Q. If V : Z R then R is said to be a V-order if in *
In this paper, all rings are associative with a multiplicative unit and all Ž . modules are unitary. If R is a ring, J R will denote its Jacobson radical, Ž . Ž . U R its group of units, Z R the center, R* the set of nonzero divisors, Ž . Ž . and M R the ring of n = n matrices over R. The residue ring RrJ R n Ž . will be denoted by R and if S is an overring of R with J S : R theñ Ž . RrJ S will be denoted by R. DEFINITION 0.1. Let Q be a finite-dimensional F-algebra and V a commutative domain with quotient field F. A subring R of Q is said to be Ž . an order in Q if RF s Q. If V : Z R then R is said to be a V-order if in addition R is integral over V. If a V-order R is maximal among the V-orders of Q with respect to inclusion then R is called a maximal V-order Ž . or just a maximal order if the context is clear .
In this paper, we shall be concerned with V-orders in a finite-dimensional central simple F-algebra Q when V is a commutative valuation ring of F of arbitrary Krull-dimension. Since a valuation ring is integrally closed, the center of such a V-order is precisely V. In this case, maximal V-orders always exist. Finitely generated maximal V-orders need not. We will have more to say about this in due course. DEFINITION 0.2. A ring R is said to be extremal if for every overring S Ž . Ž . such that J S = J R we have S s R. If S is an overring of R, we say that R is extremal in S if R is extremal among all subrings of S. A V-order R is Ž . said to be an extremal V-order or just extremal when the context is clear if it is extremal among all V-orders in Q. Ž DEFINITION 0.3. A ring R is said to be right semihereditary resp. right . Ž . hereditary if every finitely generated right ideal resp. every right ideal is Ž projective as a right R-module. A ring is said to be semihereditary resp. . Ž . hereditary if it is both left and right semihereditary resp. hereditary .
Ž
. D EFINITION 0.4. A ring R is said to be right resp. left Bezout if everý Ž . finitely generated right resp. left ideal is principal. It is called Bezout if it is both right and left Bezout. In the first section of this paper, we will show that semihereditary Ž . Ž V -orders are extremal. In the classical case i.e., when V is a DVR see w x . Ž R, Chap. 9 a V-order R is semihereditary actually hereditary, since all Ž . . right resp. left ideals are finitely generated when V is DVR precisely Ž Ž .. when it is extremal or, equivalently, when O J R s R. This is no longer l true when V is not assumed to be Noetherian, as we will see in this section.
In the second section we characterize, up to conjugacy, semihereditary V-orders, semihereditary maximal V-orders, and Dubrovin valuation rings of Q extending V assuming V is Henselian.
In the last section, we show that a V-order R is semihereditary iff its Ž w x Henselization, R V , where V is the Henselization of V see E for
. w x w x definition , is semihereditary. As in Ha , R , we show that if R is semihereditary, then there is a one-to-one correspondence between semihereditary V-orders inside R and semihereditary V -orders inside h R V . We shall also consider the Henselization of semihereditary m V h maximal V-orders and obtain alternate proofs to some of the results in w x w x HMW , W .
EXTREMALITY
Let R be a V-order. In this section we show that if R is semihereditary Ž Ž .. then it is extremal and if R is extremal then O J R s R. But unlike in l w x the classical theory R, Chap. 9 , the converse of both these facts need not hold in general and finitely generated extremal orders need not exist in a central simple F-algebra. We end the section by showing that in a central division algebra admitting a total valuation ring extending V, the intersection of all the conjugates of the total valuation ring is the unique semiheriditary V-order in the division algebra.
Ž . of R which are linearly independent mod J V R over VrJ V are linearly Ž . independent over F. Hence RrJ V R is Artinian. Further, it follows from w x Ž . Ž . Kaplansky's theorem of PI-algebras J, Chap. I, Sect. 3 that J R = J V Ž . and thus RrJ R is semisimple Artinian. We begin with the following lemma: 
Ž .

Proof. By considering the finite-dimensional
VrJ V -algebra Ž . Ž . m Ž . RrJ V R, we readily see that J R : J V R for m large enough. Hence Ž . m Ž . m if L : J R , then L : J V R for a large m. Conversely, suppose L : Ž . J V R for some m. Then m m LR s L RL иии RL R : L R : J V R : J R . Ž . Ž . Ž . Ž . Ž . Ž . Hence LR : J R .
Ž .
We remark here that given a commutative valuation ring V, J V is Ž . 2 Ž . principal if and only if J V / J V : let be a valuation on F with Ž . An example of a non-maximal extremal order which is not semihereditary would be interesting. When V is a DVR, i.e., the classical case, Ž w x. semihereditary V-orders are precisely the extremal V-orders see R, Ja . In a subsequent paper by this author, it will be shown that inside integral Dubrovin valuation rings extending V, semihereditary V-orders are precisely the extremal ones.
The following example was communicated to the author by Morandi:
Then R need not be extremal.
Proof. Let V be a valuation ring of rank greater that 1, and P m P 1 2 distinct prime ideals of V. Proof. Let R be such an order. Then R is contained in a Bezout
generated Bezout V-orders need not exist. So such an R need not exist. Suppose such an R exists. Then B above is a finitely generated Bezout V-order. By the remark before this proposition, we have that B V is m V h w Bezout, hence B is a Dubrovin valuation ring of Q by HMW, Theoreḿ x 17 . Hence all Dubrovin valuation rings extending V are finitely generated since they are conjugate. Conversely, any finitely generated Dubrovin valuation ring is a finitely generated maximal V-order and hence a finitely generated extremal V-order.
As we have seen, if R is a finitely generated extremal V-order then R is Ž . contained in an integral actually finitely generated Dubrovin valuation ring and hence it is semihereditary as was mentioned after Example 1.6. 1 Conversely, any semihereditary V-order is extremal, by Theorem 1.5.
Therefore by Theorem 1.5, finitely generated semihereditary V-orders need not exist inside central simple algebras. But Dubrovin valuation rings and hence Bezout V-orders always exist. Further, the proof of Propositioń 1.8 shows that finitely generated maximal V-orders are precisely the finitely generated Dubrovin valuation rings. Hence the Henselization of a finitely generated maximal V-order is maximal, giving a partial answer to w x an open question in HMW namely: Is the Henselization of a maximal V-order maximal?
We will now classify extremal V-orders inside finite-dimensional division algebras admitting total valuation rings. Ž .
and a, b g B . Then 1 y axb g U B for all i and thus 
OVER HENSELIAN VALUATION RINGS
In this section we restrict our attention to the case when V is Henselian. Strictly speaking, we only need the fact that the division ring D of the Ž . central simple algebra Q s M D admits an invariant valuation ring ⌬ n extending V. Such is always the case when V is Henselian. Over such a valuation ring, semihereditary V-orders take a particularly sharp form which lends itself to direct computation. We begin by making the following w x definition, following M :
Ž . DEFINITION 2.1. An order R is said to be of type S S H H if R s ⌬ i j where: was shown in that paper that those types of S S H H rings are semihereditary maximal V-orders. In this section, we will prove a converse of that theorem Ž . as well. Condition iii of the definition above directly relates to Lemma w x Ž . 4.5 of M and hence called ''Morandi's Condition'' or MC in short and will be critical in proving Theorem 2.4. w x The following lemma is the same as M, Lemma 4.5 and the one after w x that the same as M, Lemma 4.6 . Lemma 2.3 will be used to show that an order of type S S H H is semihereditary. But due to typographical errors in the w x text of the proof of M, Lemma 4.6 , it has been deemed necessary to reproduce the arguments here. The corrected proof was furnished to this author by the original author.
not all zero, then there is an i with x x y1 g ⌬ for all j.
j i ij
The proof of the lemma above only uses the fact that MC holds. Note Ex gR, I the identity matrix. Since 
Ž . M D . As in the proof of Theorem 1.5,
Hence ␣ y1 g ⌬ , a contradiction and so MC holds. 
When n s 2, Case E is conjugate to Case B.
Proof. Suppose S s ⌬. Then T s ⌬ since S и T : ⌬. Hence S s T s ⌬, Ž . so we are in Case A. Suppose T s ⌬. Then S = J ⌬ , else MC fails. It Ž . follows that S s ⌬ or S s J ⌬ , so we are in Case A or Case B. If Ž .
y1
Ž . Ž S s J ⌬ and T p ⌬ then we claim T s S and J V is principal so we .
are in Case C : Clearly, T : x Ž . Ž . 2 Lemmas 7 and 8 . Since T и S : ⌬, we obtain T и J ⌬ :
At this point we are reduced to T p ⌬, S m J ⌬ . We know T :
We shall now characterize semihereditary maximal V-orders and Dubrovin valuation ringsᎏalways assuming that V is Henselian. We will, of course, also assume that the rings are of type S S H H, by virtue of Theorem 2.4. The w following theorem is embedded in the proofs of HMW, Proposition 6; M, x Proposition 4.3 , but not stated in such explicit terms. x. Proposition 6 . This is a contradiction.
THEOREM 2.6. Let R be of type S S H H. Then R is a semihereditary maximal V-order if and only if
For the other direction, suppose RЈ p R is another V-order. Then RЈ Ž X .
X also contains all the standard idempotents, hence RЈ s ⌬ , ⌬ a ⌬-bi-
semihereditary V-order R is maximal if and only if
Ž . Ž . J R s J ⌬ R.
Proof. By Theorem 2.4 and the fact that ⌬ is an invariant valuation
Ž . ring, we may assume that R is of type S S H H. Set R s ⌬ as usual.
To prove the reverse containment, observe that since R contains all the Ž . Ž . Ž . Ž X . standard idempotents, the ideal J R s ⍀ and J ⌬ R s ⍀ , where
Note that since e Re s ⌬, we have
Now suppose i / j and let e s e q e , an idempotent of R. We have analogous results by making use of Henselization instead of completion. As usual, V has arbitrary Krull-dimension in our case. The statements contained in the following lemma will be used frequently: LEMMA 3.1. Let A be V-order. Then we ha¨e: Ž . Ž . 5 This is an easy consequence of 2 and 4 . w The following proposition was motivated by the work of D. Miller see x Ml in which it was proved that the Henselization of a semihereditary order finitely generated over its center, V, is semihereditary. In this paper, the V-orders need not be finitely generated over their centers. 
PROPOSITION 3.2. If H is a semihereditary V-order then H is a semihered
contains¨and V is the Henselization of VЈ.
y1 w x maximal ideal of V s . We thus can write¨s¨u ,¨g V s and
And so we obtain the inclusions
Since H is torsion-free over H in the sense of Lv : no regular element of h .
H annihilates any nonzero element of H and IЈ : H , IЈ is a torsion-free
h h right H-module. Since IЈ is finitely generated over HЈ which in turn is Ž finitely generated over H actually a finite free H-module, since s is . integral over V, a valuation ring , IЈ is finitely generated over H. Because Q, the two-sided quotient ring of H, is a central simple algebra, IЈ can be w x w embedded in a free H-module, by Lv, Theorem 5.2 . Hence by CE, x Proposition 6.2 , IЈ is H-projective, since H is semihereditary. We have the following exact sequence of HЈ-modules:
Ž .
But IЈ is projective, finitely generated over H, and HЈ is finitely generated over H. Hence the sequence splits over H and so L is finitely generated over H. 
w x Therefore tensoring any V s -submodule of QЈ by the ring V is the same h Ž thing as multiplying the module by V everything happening inside 
where M : P и J H and P is a finitely generated projective H -module h h Ž . i.e., P is a projective cover of I . But I is finitely presented. Hence by Schanuel's lemma, M is finitely generated. We wish to show that M s 0.
Ž . Let J s J H and : P ª IrIJ be the natural map. Let x g ker . 
The Tor-m sequence yields
. induced by the one in )) , and hence ␤ s 0. Moreover P is projective, 
Ž .
This sequence thus gives rise to the Tor-m seh quence of H -modules: Proof. We first show that principal right ideals of H are projective. Let a g H. Let ª P ª P ª иии ª P ª aH ª 0
be an H-projective resolution of aH. Then
left H-module and consider the complex
Then we also have where = a m 1 is just left multiplication by a m 1 We end this section by considering the Henselization of a semiherediw x tary maximal V-order. In W , it was shown that the Henselization of an Ž integral Dubrovin valuation ring which is necessarily a semihereditary . maximal V-order is maximal. In fact, it was shown that a Dubrovin valuation ring is integral if and only if its Henselization is a Dubrovin w x valuation ring. In HMW it was shown that the Henselization of a Bezout Ž . V -order a semihereditary maximal V-order as well is a semihereditary maximal V-order which need not be a Bezout V-order. We will prove thesé theorems using different methods.
We note that if A is a V-order such that A is a maximal V -order, then Ž . 
Ž . Proof. The proof that A is a maximal V-order is the same as that of the first part of the proof of Collorary 2.9, even though in this case V need not be Henselian.
Notice that by Lemma 3.1,
The second result therefore follows from the first.
The following lemma relies heavily on the theory of Bezout orders iń w x simple Artinian rings as formulated in G , G . 
